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Recently, Guica˘, Huang, Li, and Strominger considered an R2 correction to the entropy of
a black ring, and found a mismatch between supergravity and the CFT. However, such a
comparison should take into account the subtle distinction between the asymptotic charges
of the black ring and the charges entering the CFT description. We show that using the
correct charges yields perfect agreement.
June, 2005
1. Introduction
There has been a recent surge of interest in higher derivative corrections to black
hole entropy in string theory (an incomplete list of references is [1,2,3,4,5,6]). In certain
cases it is possible to demonstrate precise agreement between the supergravity and CFT
corrections. A recent paper by Guica˘, Huang, Li, and Strominger [7] considered this in the
context of five dimensional black rings [8,9,10,11]. On the supergravity side they included
an R2 term known to be present in M-theory on CY3, and used Wald’s formula [12] to
obtain the entropy correction
∆SBR =
pi
6
c2 · p
√
qˆ0
D
. (1.1)
On the CFT side they took into account the correction to the central charge, and obtained
∆SBR =
pi
6
c2 · p
√
qˆ0
D
+
pi
24
c2 · p
√
D
qˆ0
+ . . . . (1.2)
The second term represents a mismatch. However, in performing such comparisons
one has to be careful to correctly translate the charges of the black ring into parameters
appearing in the CFT. The correct microscopic assignment appears in [13] and differs from
the one that was discussed in [14] and was used in [7] to obtain equation (1.2). When the
difference between the two is taken into account, the second term in (1.2) is absent, and
the two sides agree, as we now demonstrate.
2. Two Candidates for the Microscopic Description of the Black Ring
There exist two distinct proposals1 [13,14] to count the entropy of the 5D BPS black
ring by relating it to the (4, 0) CFT of the 4D BPS black hole [15]. The CFT entropy is
SBR = 2pi
√
cLqˆ0
6
(2.1)
and the leading contribution to the central charge is the product of the dipole charges:
cL = 6D = 6DABCp
ApBpC . (2.2)
However, the expression for qˆ0 is different. In [14] is was argued that
qˆ0 = −Jψ +
1
12
DABqAqB +
cL
24
(2.3)
1 To facilitate easy comparison, we follow the notation of [14,7]. To translate, use that (QA, qA)
of [13] are identified with (qA, p
A) of [14,7]. There is also a flip in the sign of Jφ.
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where Jψ is the black ring angular momentum in the plane of the ring, and the qA are the
conserved charges of the black ring as measured at infinity.
Earlier, in [13] it had been argued (see pp. 5-6 of that paper) that the black ring
entropy is exactly that of a 4D black hole with charges given by the seven parameters
p1, p2, p3, q1, q2, q3 and Jtube ≡ Jψ −Jφ. The microscopic entropy computation for this 4D
black hole was performed quite some time ago [15,16]. The entropy and central charge are
given by (2.1) and (2.2), except that qˆ0 is given by
qˆ′0 = −(Jψ − Jφ) +
1
12
DABqAqB . (2.4)
Written in this form, the black ring entropy is manifestly E7(7) invariant [13], as should
be the case for a 4D black hole entropy. By contrast, the cL
24
shift in (2.3) obscures this
invariance. Refs. [9,13] argued that Jtube and qA are the momentum and charge living on
the ring itself, which differ from Jψ and qA. The relation between the charges is
qA = qA −
6DABC
2
pBpC . (2.5)
As one can easily check, qˆ0 and qˆ
′
0 are equal, so they both yield agreement at leading order
with the entropy calculated in gravity [9,10].
This situation resulted in some confusion concerning which charges should appear in
the CFT. Note that both [13] and [14] were trying to replace the circular black ring with
a straight black string, which is a discontinuous process and so inherently ambiguous.
Fortunately, it is possible to resolve this puzzle unambiguously by putting the black
ring in Taub-NUT, implementing the philosophy suggested and used in [17]. In [18] it was
shown that by adjusting the moduli it is possible to move the black ring arbitrarily far from
the Taub-NUT center, and the black ring solution then reduces to the 4D black hole/5D
black string solution constructed in [19]. One finds that the momentum and charges of
this 4D black hole are Jtube and qA. In this way one derives the 4D black hole description
rather than having to assume it, and one has no choice in the charge assignments. This
interpolation thus proves that the correct microscopic description of the black ring is (2.4)
and not (2.3).
3. R2 corrections
We now proceed to show that by using the microscopic description (2.4) we resolve the
mismatch [7] between the R2 corrections to the gravitational entropy and the corresponding
corrections in the CFT.
The corrections on the CFT side are obtained by considering the first correction to
cL:
cL → cL +∆cL (3.1)
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where ∆cL = c2 · p. If one uses the microscopic description (2.3), a correction to cL affects
both the explicit cL in (2.1) as well as qˆ0. The change in the microscopic entropy is given
by equation (11) in [7]:
∆SBR =
pi
6
c2 · p
√
qˆ0
D
+
pi
24
c2 · p
√
D
qˆ0
+ ... (3.2)
However, if one uses the microscopic description (2.4), the correction to cL does not
affect qˆ′0, and the change in the entropy formula is
∆′SBR =
pi
6
c2 · p
√
qˆ′0
D
+ ... (3.3)
This agrees exactly with the correction coming from the R2 terms in the gravity description
(1.1) (equation (9) in [7]). Thus in the microscopic description (2.4) the second term in
(3.2) simply does not exist, and the agreement with gravity is perfect. This gives further
confirmation for the correctness of the microscopic description (2.4).2
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2 One might try to argue that the second term in equation (3.2) is subleading and therefore
not captured by the Cardy formula. However, this argument could equally well be applied to
the terms of the order (p1p2p3)2 in the uncorrected entropy. But omission of such terms would
destroy the match between the supergravity and CFT entropies at the leading order.
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